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INTRINSIC DIFFERENTIAL GEOMETRY AND THE
EXISTENCE OF QUASIMEROMORPHIC MAPPINGS
EMIL SAUCAN
Abstract. We give a new proof of the existence of nontrivial quasimero-
morphic mappings on a smooth Riemannian manifold, using solely the
intrinsic geometry of the manifold.
1. Introduction and Background
The existence of quasimeromorphic (qm) mappings on C∞-Riemannian man-
ifolds without boundary is due to Peltonen [16], and represents a generaliza-
tion of previous results of Tukia [26] and Martio-Srebro [13]. In [18] we have
extended Peltonen’s result to include manifolds with boundary and of lower
differentiability class. A further generalization to certain classes of orbifolds
was given in [19], [21].
The essential ingredient in all the results above is construction of a thick (or
fat) “chessboard triangulation” (i.e. such that two given n-simplices having a
(n − 1)-dimensional face in common will have opposite orientations), each of
its simplices being then quasiconformally mapped on the unit sphere Sn using
the classical Alexander method [1].
Recall that thick triangulations are defined as follows:
Definition 1.1. Let τ ⊂ Rn ; 0 ≤ k ≤ n be a k-dimensional simplex. The
thickness ϕ of τ is defined as being:
(1.1) ϕ = ϕ(τ) = inf
σ<τ
dimσ = j
V olj(σ)
diamj σ
.
The infimum is taken over all the faces of τ , σ < τ , and V olj(σ) and diamσ
stand for the Euclidian j-volume and the diameter of σ respectively. (If
dimσ = 0, then V olj(σ) = 1, by convention.)
A simplex τ is ϕ0-thick, for some ϕ0 > 0, if ϕ(τ) ≥ ϕ0. A triangulation (of
a submanifold of Rn) T = {σi}i∈I is ϕ0-thick if all its simplices are ϕ0-thick.
A triangulation T = {σi}i∈I is thick if there exists ϕ0 ≥ 0 such that all its
simplices are ϕ0-thick.
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The definition above is the one introduced in [9]. For some different, yet
equivalent definitions of thickness, see [5], [6], [14], [16], [26].
Note that in our generalizations [18], [19] we have used Peltone’s result, in
conjunction with methods of Munkres [14] and Cheeger et al. [9] to obtain
the desired thick triangulation.
The method of proof employed in [16] is based upon extrinsic Differential
Geometric considerations. More precisely, the idea of the proof is as follows:
Start by isometrically embedding the n-dimensional, complete, Riemannian
manifold Mn into Rν , for some large enough ν. (The existence of such an
embedding dimension “ν” is guaranteed by Nash’s Embedding Theorem [15].)
Then one constructs an exhaustion of Mn by a sequence of compact manifolds
{Mi}i∈N .
To control the size of these compact manifolds and that of the “pasting
zones” between them (as well as the density of the set of vertices of the tri-
angulation to be constructed), one makes appeal to two geometric features,
namely the osculatory (or tubular) radius and the connectivity radius, who are
defined as follows:
Definition 1.2. (1) Sν−1(x, ρ) is an osculatory sphere at x ∈Mn iff:
(a) Sν−1(x, ρ) is tangent at x;
and
(b) Bn(x, ρ) ∩Mn = ∅.
(2) LetX ⊂Mn. The number ω = ωX = sup{ρ > 0 |Sν−1(x, ρ) osculatory
at any x ∈ X} is called the maximal osculatory (tubular) radius at X.
where tangentiality generalizes in a straightforward manner the classical no-
tion defined for surfaces in R3:
Definition 1.3. Sν−1(x, r) is tangent toMn at x ∈Mn iff there exists Sn(x, r) ⊂
S
ν−1(x, r), such that Tx(S
n(x, r)) ≡ Tx(Mn).
(Here Bν(x, r) = {y ∈ Rν | deucl < r}; Sν−1(x, r) = ∂Bν(x, r).)
Note that there exists an osculatory sphere at any point of Mn (see, e.g.
[16] ).
Definition 1.4. Let U ⊂Mn, U 6= ∅, be a relatively compact set, and let T =⋃
x∈U¯ σ(x, ωU ). The number κU = max{r |σn(x, r) is connected for all s ≤
ωU , x ∈ T¯}, is called the maximal connectivity radius at U.
(Here and σn(x, r) = Mn ∩ Bν(x, r) .)
These geometric features help us assure that the manifold does not “turn
on itself too fast”, piercing a simplex of the (future) triangulation. Moreover,
they are interrelated through the following inequality (see [16], Lemma 3.1):
ωU ≤
√
3
3
κU .
It follows, therefore, that to obtain a vertex set of the required density, one
can employ estimates that are solely functions of ωU .
3Obviously, this construction is basically extrinsic, since it essentially uses the
Nash embedding and because the geometric features that control the density
of the vertices and the thickness of the simples are also extrinsic (see above).
Moreover, computing the osculatory and connectivity radii is very difficult.
Even computing the principal curvatures of the Nash embedding by solving
the specific Gauss Equation is highly problematic. (See [21] for a discussion
of these aspects and also [22] for their applicative side.)
We have recently given in [23] a simpler proof of the existence of thick tri-
angulations on manifolds (and hence of qm-mappings), where by “simpler”
we mean that it mainly uses tools of Elementary Differential Topology. How-
ever, this proof still requires the embedding of Mn into some RN , for N large
enough, hence it is still partially extrinsic in nature. More important, most of
the geometric information regarding the manifold is (evidently) lost or hard
to retrieve when using the Differential Topology approach. However, in many
cases the manifold comes not merely endowed with a Riemannian metric, but
also with some more concrete information on its geometry, usually in the form
of bounds for curvatures, volume and diameter. It is therefore useful to have
a construction that uses this geometric data. It is the goal of this paper to
produce precisely such a construction, which we present in the next section.
Finally, for the sake of completeness, in the last section we remind the reader
how a quasimeromorphic mapping is obtained once a thick triangulation is
constructed.
2. The construction
As in Peltonen’s construction, the idea of the proof is to use the basic fact
that Mn is σ-compact, i.e. it admits an exhaustion by compact submanifolds
{Mi}i (see, e.g. [24]). This is a standard fact for metrizable manifolds. How-
ever, it is conceivable that the “cutting surfaces” Nij ,
⋃
j=1,...ki
Nij = ∂Mj , are
merely C0, so even the existence of a triangulation for these hypersurfaces is
not always assured, hence a fortiori that of smooth triangulations. (See. e.g.
[25] for a brief review of the results regarding the existence of triangulations).
To show that one can obtain (by “cutting along”) smooth hypersurfaces, we
briefly review the main idea of the proof of the σ-compactness of Mn (for the
full details, see, for example [24]): Starting from an arbitrary base point x0 ∈
Mn, one considers the interval I = I(x0) = {r > 0 |βn(x0, r) is compact};
βn(x, r) = expx
(
B
n(0, r)
)
, where expx denotes the exponential map: expx :
Tx(M
n)→Mn, and where Bn(0, r) ⊂ Tx
(
Mn
)
, Bn(0, r) = {y ∈ Rn | deucl(y, 0) <
r}. If I = R, then Mn = ⋃∞
1
βn(x, i), thence σ-compact. If I 6= R, one con-
structs the compacts sets Mi, M0 = {x0}, Mi+1 =
⋃
y∈Mi
βn(y, r(y)), where
r(y) = 12 sup{r ∈ I(y)}. Then it can be shown that Mn =
⋃
n≥0
Mi, i.e. M
n
is σ-compact.
The smoothness of the surfaces Nij now follows from Wolter’s result [28]
regarding the 2-differentiability of the cut locus of the exponential map.
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We shall construct thick triangulations of Mi and Nij of thickness ϕ1 =
ϕ1(n) and ϕ2 = ϕ2(n − 1), respectively. We can then apply repeatedly the
“mashing” technique developed in [19], for collars of Nij in Mi and Mi+1,
j ≥ 0, rendering a triangulation of Mn, of uniform thickness ϕ = ϕ(n) (see
[19], [9]).
Up to this point, our construction is practically identical to that we used
in [23]. However, to produce the fat triangulations of Mi and Nij, we shall
employ, as stated before, methods of Intrinsic Differential Geometry, instead
of(rather than) the ones of Differential Topology we applied in [23].
We start by noting that the manifolds Mi, and Nij , i, j ∈ N are compact,
hence the have bounded sectional curvatures (see, e.g. [4]) and diameters. Let
ki,kij and Ki,Kij denote the lower bound, respective the upper bound, for the
sectional curvatures, and let Di,Dij denote the upper bound of the diameter
of Mi and Nij, respectively.
Therefore, for each of these manifolds, we can make avail of a triangulation
method that, according to [4], was developed, yet not published, by Karcher,
but which, to the best of our knowledge, appeared for the first time in [11].
(The same method was applied by Weinstein [27], to obtain a similar result in
even dimension.)
The idea is to use so called efficient packings:
Definition 2.1. Let p1, . . . , pn0 be points ∈ Mn, satisfying the following con-
ditions:
(1) The set {p1, . . . , pn0} is an ε-net on Mn, i.e. the balls βn(pk, ε), k =
1, . . . , n0 cover M
n;
(2) The balls (in the intrinsic metric of Mn) βn(pk, ε/2) are pairwise dis-
joint.
Then the set {p1, . . . , pn0} is called a minimal ε-net and the packing with
the balls βn(pk, ε/2), k = 1, . . . , n0, is called an efficient packing. The set
{(k, l) | k, l = 1, . . . , n0 and βn(pk, ε) ∩ βn(pl, ε) 6= ∅} is called the intersection
pattern of the minimal ε-net (of the efficient packing).
Efficient packings have the following important properties, which we list
below (for proofs see [11]):
LEMMA 2.2. There exists n1 = n1(n, ki,Di), such that if {p1, . . . , pn0} is an
ε-net on Mn, then n0 ≤ n1.
LEMMA 2.3. There exists n2 = n2(n, ki,Di), such that for any x ∈ Mn,
|{k | k = 1, . . . , n0 and βn(x, ε) ∩ βn(pk, ε) 6= ∅}| ≤ n2, for any minimal ε-net
{p1, . . . , pn0}.
LEMMA 2.4. LetMn,Mn, be manifolds having the same bounds ki and Di (see
above) and let {p1, . . . , pn0} and {q1, . . . , qn0} be minimal ε-nets with the same
intersection pattern, on Mn, Mn, respectively. Then there exists a constant
n3 = n3(n, ki,Di,Ki), such that if d(qi, qj) < Ki · ε, then d(qi, qj) < n3 · ε.
5Such an efficient packing is always possible on a closed, connected Riemann-
ian manifold and, by using the properties above, one can construct a simplicial
complex having as vertices the centers of the balls βn(pk, ε). (Edges are con-
necting the centers of adjacent balls; further edges being added to ensure the
cell complex obtained is triangulated to obtain a simplicial complex.)
Remark 2.5. Let Mn,Mn, be manifolds having the same bounds k,D and v,
where v denotes the lower bound for volume. There exists an ε = ε(k,D, v) >
0, such that any two minimal ε-nets on Mn,Mn with the same intersection
pattern, are homeomorphic. Moreover, given k,D and v as above, the number
of such homotopy types is finite (see [11]).
One can ensure that the triangulation will be convex and that its sim-
plices are convex, by choosing ε = ConvRad(Mn), where the convexity radius
ConvRad(Mn) is defined as follows:
Definition 2.6. Let Mn be a Riemannian manifold. The convexity radius of
Mn is defined as inf{r > 0 |βn(x, r) is convex, for all x ∈Mn}.
This follows from the fact that βn (x,ConvRad(Mn)) ⊂ βn (x, InjRad(Mn)) ,
(since ConvRad(Mn) = 12InjRad(M
n) – see, e.g. [4]). Here InjRad(Mn) de-
notes the injectivity radius:
Definition 2.7. Let Mn be a Riemannian manifold. The injectivity radius
of Mn is defined as: InjRad(Mn) = inf x ∈Mn | Inj(x), where Inj(x) =
sup{r | expx|Bn(x,r) is a diffeomorphism}.
Note that by a classical result of Cheeger [7], there is a universal positive
lower bound for InjRad(Mi) in terms of ki,Di and vi, where vi is the lower
bound for the volume of Mi. It is precisely this result (and similar ones – see
also the discussion below) that make the triangulation exposed above a simple
and practical one, at least in many cases.
The same method of triangulation can be applied to the manifolds Nij. The
triangulations thus obtained can be “thickened” by applying the techniques
of [9] or [20]. Then one can “mash” and “thicken” the triangulations of Mi
and Nij , to obtain using the method of [18]. Applying this process induc-
tively for all the elements of the exhaustion {Mi}i∈N, one obtains a uniformly
thick triangulation of Mn, thus concluding the announced alternative proof of
Peltonen’s result:
THEOREM 2.8. Let Mn, n ≥ 2, be complete, connected, C∞ Riemannian
manifold. Then Mn admits a (uniformly) thick triangulation.
Remark 2.9. As already noted in the introduction, the result above can be
extended to manifolds with boundary, of low differentiability class (see [18])
and to certain types of orbifolds (see [19], [21]).
Remark 2.10. Instead of using the method of estimating convexity radii for
the manifolds intMi and their boundary components Nij , we could have used
the estimates for the convexity radii of Nij using the methods of [3]. However,
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this would have provided more difficult. In addition, the hierarchical approach
adopted here is the classical one of [5].
Remark 2.11. The same basic method of triangulation as employed herein
may be applied by considering bounds on the Ricci curvature of the manifolds
Mi and Nij , i, j ∈ N. This relaxation allows us to apply this technique to
manifolds for which less geometric control is possible.
We conclude this section by reviewing the advantages and disadvantages of
the triangulation method introduced above, as compared to that of [16]. As
we have already noted above, an immediate advantage stems from the fact
that, by using solely the intrinsic geometry of the manifold, this approach
does not necessitate the cumbersome Nash embedding technique, that results
in a quasi-impossible computation of the curvatures required in Peltone’s con-
struction. But, perhaps, the main advantage resides in the fact that universal
lower bounds can be computed for the injectivity radius (hence also for the
convexity radius). Besides Cheeger’s classical result mentoned above, many
other such theorems for compact manifolds exist – see [4] for a plethora of
relevant theorems. In addition, as we mentioned in Remark 2.10, a lower
bound for injectivity radius can be determined also for manifolds with bound-
ary. Moreover, as noted in Remark 2.11, such bounds can be attained in
terms of the Ricci curvature, further extending the class of the manifolds for
which our method may be easily applied. It should also be noted that, by a
theorem of Maeda [12], for certain types of noncompact manifolds a universal
lower bound also exist, more precisely for (noncompact) manifolds with sec-
tional curvatures K satisfying 0 < K ≤ K0, the following inequality holds:
InjRad(Mi) ≥ pi/
√
K0. Moreover, if n = 2 and if M
n is homeomorphic to R2,
then the same lower bound is achieved even under the weaker assumption that
0 ≤ K ≤ K0.
The main disadvantage, as compared to [16], of the approach adopted
herein, resides in the lack of control of the curvatures of the “cutting” sur-
faces Nij . In consequence, possible drastic changes in sectional curvatures may
occur, thence in injectivity radii and, implicitly, in the size of the simplices,
when passing from Mi to Nij . (As a typical case for this kind of behavior,
consider a “crumpled” closed ball in R3. Then its interior has the trivial Eu-
clidean geometry of the ambient space, whence sectional curvatures ≡ 0, while
the sectional (i.e. Gaussian) curvature of the boundary may attain arbitrarily
large values of |K|.)
However, it is possible to smoothen the Riemannian metric ofMn, to obtain
a metric having a sectional curvatures bound, while remaining arbitrarily close
to the original metric (see, e.g. [8], [29]). (We should note here, in conjunction
with Remark 2.11, that results regarding the smoothing of sectional curvature,
under weaker Ricci curvatures bounds, also exist (see, e.g. [10], [2], [17]).
73. The existence of quasimeromorphic mappings
We begin this section by reminding the reader the definition of quasimero-
morphic mappings:
Definition 3.1. Let Mn, Nn be oriented, Riemannian n-manifolds.
(1) f :Mn → Nn is called quasiregular (qr) iff
(a) f is locally Lipschitz (and thus differentiable a.e.);
and
(b) 0 < |f ′(x)|n ≤ KJf (x), for any x ∈Mn;
where f ′(x) denotes the formal derivative of f at x, |f ′(x)| = sup
|h| = 1
|f ′(x)h|,
and where Jf (x) = detf
′(x);
(2) quasimeromorphic (qm) iff Nn = Sn, where Sn is usually identified
with R̂n = Rn ∪ {∞} endowed with the spherical metric.
The smallest number K that satisfies condition (b) above is called the outer
dilatation of f .
Before proceeding further, we need the following technical lemma (for its
proof, see [13], [16]):
LEMMA 3.2. Let T be a fat triangulation of Mn ⊂ RN , and let τ, σ ∈ T , τ =
(p0, . . . , pn), σ = (q0, . . . , qn); and denote |τ | = τ ∪ int τ . Then there exists a
orientation-preserving homeomorphism h = hτ : |τ | → R̂n such that:
(1) h(|τ |) = |σ|, if det(p0, . . . , pn) > 0
and
h(|τ |) = R̂n \ |σ|, if det(p0, . . . , pn) < 0.
(2) h(pi) = qi, i = 0, . . . , n.
(3) h|∂|σ| is a PL homeomorphism.
(4) h|int|σ| is quasiconformal.
We can now prove the existence of qm-mappings on open Riemannian man-
ifolds:
THEOREM 3.3. Let Mn, n ≥ 2, be a connected, complete, oriented C∞ Rie-
mannian manifold. Then there exists a non-constant quasimeromorphic map-
ping f :Mn → R̂n.
Proof Let T be the thick triangulation provided by Theorem 2.8. Further-
more, by performing a barycentric type subdivision before starting the fat-
tening process of the triangulation given by Theorem 2.8, ensure that all the
simplices of the triangulation satisfy the condition that every (n − 2)-face is
be incident to an even number of n-simplices. Let f : Mn → R̂n be defined
by: f ||σ| = hσ, where h is a homeomorphism constructed in the lemma above.
Then f is a local homeomorphism on the (n − 1)-skeleton of T too, while
its branching set Bf is the (n − 2)-skeleton of T . By its construction f is
quasiregular. Moreover, given the uniform fatness of the triangulation T , the
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dilatation of f depends only on the dimension n.

Remark 3.4. Again, this result may be extended to include manifolds with
boundary, of low differentiability class (see [18]) and to certain types of orb-
ifolds (see [19], [21]).
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